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CATENARIAN FCP RING EXTENSIONS
GABRIEL PICAVET AND MARTINE PICAVET-L’HERMITTE
Abstract. If R ⊆ S is a ring extension of commutative unital
rings, the poset [R,S] of R-subalgebras of S is called catenarian if
it verifies the Jordan-Ho¨lder property. This property has already
been studied by Dobbs and Shapiro for finite extensions of fields.
We investigate this property for arbitrary ring extensions, showing
that many type of extensions are catenarian. We reduce the char-
acterization of catenarian extensions to the case of field extensions,
an unsolved question at that time.
1. Introduction
In this paper, we consider the category of commutative and unital
rings, whose epimorphisms will be involved. If R ⊆ S is a (ring)
extension, we denote by [R, S] the set of all R-subalgebras of S and set
]R, S[:= [R, S] \ {R, S} (with a similar definition for [R, S[ or ]R, S]).
A lattice is a poset L such that every pair a, b ∈ L has a supremum
and an infimum. We will consider for an extension R ⊆ S, the poset
([R, S],⊆), which is a complete lattice where the supremum of any non-
void subset is the compositum which we call product from now on and
denote by Π when necessary, and the infimum of any non-void subset is
the intersection. As a general rule, an extension R ⊆ S is said to have
some property of lattices if [R, S] has this property. Any undefined
material is explained at the end of the section or in the next sections.
We only consider extensions of finite length, in a sense defined below
and called FCP extensions. These extensions R ⊆ S are the extensions
such that [R, S] is an Artinian and Noetherian lattice.
Dobbs and Shapiro published a paper in which they examine finite
field extensions with the catenarian property [9]. These extensions are
such that the lattice [K,L] associated to a field extension K ⊆ L has
the Jordan-Ho¨lder property i.e., all finite maximal chains of subfields
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going from K to L have the same cardinalities. Beyond many interest-
ing results, a complete characterization of these extensions is lacking
and actually is an open problem, that we did not try to solve. Our aim
is to consider arbitrary FCP extensions that are catenarian (i.e. that
have the Jordan-Ho¨lder property). Surprisingly, we are able to give
substantial positive results. Some types of ring extensions are natu-
rally catenarian. For example, in the FCP context, distributive exten-
sions, length 2 extensions [19], Pru¨fer extensions [18], some pointwise
extensions [2], infra-integral extensions are catenarian. The catenarian
property has a good stability with respect to the usual constructions
of commutative algebra. An FCP ring extension R ⊆ S is catenarian
if and only if R ⊆ R is catenarian, where R is the integral closure of
R in S. However, there are some ring extensions, namely the t-closed
extensions whose definition is given in the sequel, that are catenarian if
and only if some associated residual field extensions are catenarian. As
t-closed extensions factorize any ring extension because any extension
R ⊆ S has a t-closure tSR of R in S, the reader may understand that
a complete characterization is unavoidable, unless the same problem is
solved for fields. Actually, some results are valid under the hypothesis
t
SR ⊆ S is catenarian, for example if [R, S] = [R, tSR] ∪ [tSR, S].
We give some complements on finite field extensions that are cate-
narian. Catenarian Galois extensions have been characterized in [9].
Another lattice property is involved: the supersolvable property, a
property considered by Dobbs and Shapiro in the context of Galois
group of a field extension, providing finite Galois extensions that are
catenarian. Supersolvable lattices are defined in [24, Example 3.14.4].
For Galois extensions, the two notions coincide. For arbitrary ring
extensions, this is not the case. We must add some special condition
of modularity, to get catenarity.
This paper is the continuation of our earlier papers on lattice proper-
ties of ring extensions, [20] and [21], where we considered Boolean ring
extensions and Loewy series of a ring extension. We have a forthcoming
paper about distributive extensions.
2. Some material of commutative algebra
2.1. Some conventions and notation. A local ring is here what is
called elsewhere a quasi-local ring. As usual, Spec(R) and Max(R) are
the set of prime and maximal ideals of a ring R. For an extension
R ⊆ S and an ideal I of R, we write VS(I) := {P ∈ Spec(S) | I ⊆ P}.
We denote by κR(P ) the residual field RP/PRP at P . The support
of an R-module E is SuppR(E) := {P ∈ Spec(R) | EP 6= 0}, and
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MSuppR(E) := SuppR(E)∩Max(R). When R ⊆ S is an extension, we
will set SuppR(T/R) := Supp(T/R) and SuppR(S/T ) := Supp(S/T )
for each T ∈ [R, S], unless otherwise specified.
If R ⊆ S is a ring extension and P ∈ Spec(R), then SP is both the
localization SR\P as a ring and the localization at P of the R-module
S. We denote by (R : S) the conductor of R ⊆ S. The integral closure
of R in S is denoted by R
S
(or by R if no confusion can occur). Finally,
|X| is the cardinality of a set X , ⊂ denotes proper inclusion and, for
a positive integer n, we set Nn := {1, . . . , n}. The characteristic of an
integral domain k is denoted by c(k).
We now describe the material we use in this paper.
2.2. Results on FCP extensions. The extension R ⊆ S is said to
have FIP (for the “finitely many intermediate algebras property”) or
an FIP extension if [R, S] is finite. We will say that R ⊆ S is chained if
[R, S] is a chain, that is, a set of elements that are pairwise comparable
with respect to inclusion. We also say that the extension R ⊆ S has
FCP (or is an FCP extension) if each chain in [R, S] is finite. Clearly,
each extension that satisfies FIP must also satisfy FCP. Dobbs and the
authors characterized FCP and FIP extensions [5].
Our main tool are the minimal (ring) extensions, a concept that was
introduced by Ferrand-Olivier [10]. Recall that an extension R ⊂ S
is called minimal if [R, S] = {R, S}. The key connection between the
above ideas is that if R ⊆ S has FCP, then any maximal (necessarily
finite) chain C of R-subalgebras of S, R = R0 ⊂ R1 ⊂ · · · ⊂ Rn−1 ⊂
Rn = S, with length ℓ(C) := n < ∞, results from juxtaposing n mini-
mal extensions Ri ⊂ Ri+1, 0 ≤ i ≤ n− 1. An FCP extension is finitely
generated, and (module) finite if integral. For any extension R ⊆ S,
the length ℓ[R, S] of [R, S] is the supremum of the lengths of chains of
R-subalgebras of S. Notice that if R ⊆ S has FCP, then there does
exist some maximal chain of R-subalgebras of S with length ℓ[R, S] [6,
Theorem 4.11].
The following results are deeply involved in the sequel. A ring exten-
sion R ⊆ S, defining S as an R-module, is called finite if the R-module
S is of finite type.
Theorem 2.1. [10, The´ore`me 2.2] and [8, Proposition 4.6]
(1) A minimal extension is either finite or a flat epimorphism (of
finite type).
(2) A ring extension R ⊂ S is minimal if and only if there is some
M ∈ Max(R), called the crucial maximal ideal of the exten-
sion and denoted by C(R, S), such that RM ⊂ SM is minimal
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and RP = SP for each P ∈ Spec(R) \ {M}. In particular,
Supp(S/R) = {M}.
Proposition 2.2. [5, Corollary 3.2] Suppose there exists a maximal
chain R = R0 ⊂ · · · ⊂ Ri ⊂ · · · ⊂ Rn = S of extensions, where Ri ⊂
Ri+1 is minimal with crucial ideal Mi. (For instance, suppose R ⊆ S
is an FCP extension.) Then Supp(S/R) = {Mi ∩R | i = 0, . . . , n− 1}.
Recall that an extension R ⊆ S is Pru¨fer (or a normal pair) if R ⊆ T
is a flat epimorphism for each T ∈ [R, S] [12, Theorem 5.2, page 47].
In [18], we called a minimal extension which is a flat epimorphism, a
Pru¨fer minimal extension. Three types of integral minimal extensions
exist, characterized in the next theorem, (a consequence of the fun-
damental lemma of Ferrand-Olivier), so that there are four types of
minimal extensions.
Theorem 2.3. [5, Theorem 2.2] Let R ⊂ T be an extension and M :=
(R : T ). Then R ⊂ T is minimal and finite if and only if M ∈ Max(R)
and one of the following three conditions holds:
(a) inert case: M ∈ Max(T ) and R/M → T/M is a minimal field
extension.
(b) decomposed case: There exist M1,M2 ∈ Max(T ) such that M =
M1 ∩M2 and the natural maps R/M → T/M1 and R/M → T/M2 are
both isomorphisms.
(c) ramified case: There exists M ′ ∈ Max(T ) such that M ′2 ⊆ M ⊂
M ′, [T/M : R/M ] = 2, and the natural map R/M → T/M ′ is an
isomorphism.
We recall here the Crosswise Exchange which will be used in the rest
of the paper.
Lemma 2.4. (Crosswise Exchange) [5, Lemma 2.7] Let R ⊂ S and
S ⊂ T be minimal extensions, M := C(R, S), N := C(S, T ) and P :=
N ∩R be such that P 6⊆M . Then there is S ′ ∈ [R, T ] such that R ⊂ S ′
is minimal of the same type as S ⊂ T and P = C(R, S ′); and S ′ ⊂ T
is minimal of the same type as R ⊂ S and MS ′ = C(S ′, T ). Moreover,
[R, T ] = {R, S, S ′, T} and RQ = S ′Q = TQ for Q ∈ Max(R) \ {M,P}.
The following material is needed for our study.
Definition 2.5. An integral extension R ⊆ S is called infra-integral
[15] if all its residual extensions κR(P )→ κS(Q) (withQ ∈ Spec(S) and
P := Q ∩ R) are isomorphisms. An extension R ⊆ S is called t-closed
(cf. [15]) if the relations b ∈ S, r ∈ R, b2− rb ∈ R, b3− rb2 ∈ R imply
b ∈ R. The t-closure tSR of R in S is the smallest element B ∈ [R, S]
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such that B ⊆ S is t-closed and the greatest element B′ ∈ [R, S] such
that R ⊆ B′ is infra-integral.
Integral closures and t-closures play an a crucial role in the sequel.
The next proposition gives the link between these notions and the
minimal extensions involved.
Proposition 2.6. [16, Lemma 3.1] Let there be an integral extension
R ⊂ S admitting a maximal chain C of R-subextensions of S, defined
by R = R0 ⊂ · · · ⊂ Ri ⊂ · · · ⊂ Rn = S, where each Ri ⊂ Ri+1 is
minimal. The following statements hold:
(1) R ⊂ S is t-closed if and only if each Ri ⊂ Ri+1 is inert.
(2) R ⊂ S is infra-integral if and only if each Ri ⊂ Ri+1 is either
ramified or decomposed.
(3) If R is field and R ⊂ S is t-closed, S is a field.
If (1) holds, then Spec(S)→ Spec(R) is bijective.
Proof. The last result comes from Theorem 2.3 and Theorem 2.1(2),
because they imply the bijectivity of Spec(Ri+1) → Spec(Ri), when
Ri ⊂ Ri+1 is inert. 
The following situation is often met when controlling lattice prop-
erties of ring extensions. We say that a property (T) of integral FCP
t-closed extensions R ⊂ S is convenient if the following conditions are
equivalent.
(1) R ⊂ S satisfies (T).
(2) RM ⊂ SM satisfies (T) for any M ∈ MSupp(S/R).
(3) R/I ⊂ S/I satisfies (T) for any ideal I shared by R and S.
Proposition 2.7. Let R ⊂ S be an integral (hence finite) t-closed FCP
extension and I := (R : S). Then VR(I) = MSupp(S/R) is finite and
Q ∈ VS(I) lying over P in R verifies Q = PS. Moreover, if (T) is a
convenient property, the following conditions are equivalent:
(1) R ⊂ S satisfies (T).
(2) The residual extensions κR(P ) → κS(Q) satisfy (T) for any
Q ∈ VS(I) and P := Q ∩ R.
(3) κR(P )→ κR(P )⊗R S satisfies (T) for any P ∈ VR(I).
(4) The field extension R/P → S/Q satisfies (T) for any Q ∈ VS(I)
and P := Q ∩R.
Proof. Since R ⊂ S is an integral FCP extension, R/I is an Artinian
ring [5, Theorem 4.2] and the extension is finite; so that, VR(I) =
Supp(S/R) = MSupp(S/R), where the last equation is valid because
R/I is Artinian. Actually I is an intersection of finitely many maximal
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ideals because the extension is seminormal [5, Lemma 4.8]. Moreover,
for each P ∈ VR(I), there is a unique Q ∈ VS(I) lying above P by
Proposition 2.6(1). In particular, SQ = SP and κS(Q) = SQ/QSQ =
SP/QSP = SP/PRP (∗) because, SP = SQ is a local ring with maximal
ideal PRP according to [6, Lemma 3.17]. This shows that PRP =
(RP : SP ) = PSP = QSQ = QSP . Since PMSM = QM = SM for any
M ∈ Max(R)\{P}, we get PS = Q. To conclude, κS(Q) = κR(P )⊗RS,
which gives (2) ⇔ (3).
Because (T) is convenient, R ⊂ S satisfies (T) if and only ifRM ⊂ SM
satisfies (T) for any M ∈ MSupp(S/R). We have just seen that
(RM : SM) = MRM , which is an ideal shared by RM and SM . Fix
P ∈ MSupp(S/R). Using the second equivalence characterizing a con-
venient property and the equalities of (∗), we get that RP ⊂ SP satisfies
(T) if and only if κR(P ) = RP/PRP ⊂ SP/PRP = κS(Q) satisfies (T).
Gathering these two equivalences, we get that (1) is equivalent (2).
Moreover, since R/P ∼= RP/PRP = κR(P ) and S/Q ∼= SQ/QSQ =
κS(Q), we get (2) ⇔ (4). 
This proposition shows that, in order to prove that a convenient
property (T) holds for integral t-closed FCP extensions, it is enough to
establish that this property holds for finite-dimensional field extensions.
3. First properties of catenarian extensions
If R ⊆ S is an FCP extension, [R, S] is a complete Noetherian Ar-
tinian lattice, with R as the least element and S as the largest element.
We use lattice definitions and properties described in [13].
In the context of a lattice [R, S], some definitions and properties of
lattices have the following formulations.
An element T of [R, S] is an atom if and only if R ⊂ T is a minimal
extension. We denote by A the set of atoms of [R, S].
(a) Following Dobbs and Shapiro in [9], we say that an FCP extension
R ⊆ S is catenarian or graded if all maximal chains between R and S
have the same length (the Jordan-Ho¨lder chain condition). Actually,
in lattice theory [22, Theorem 1.12 and the definition just before], a
poset (P,<) is called graded if there is a function g : P → Z for which
a < b ⇒ g(a) < g(b), with g(b) = g(a) + 1 if b covers a, which is
equivalent, for an FCP extension to all maximal chain between two
comparable elements have the same finite length. Therefore, R ⊆ S is
catenarian if and only if [R, S] is a graded lattice.
(b) distributive if intersection and product are each distributive with
respect to the other. Actually, each distributivity implies the other [13,
Exercise 5, page 33].
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We begin by giving some simple examples.
Proposition 3.1. A chained extension of finite length is catenarian.
Proof. Obvious. 
Proposition 3.2. [11, Corollary 14, page 62] A distributive lattice of
finite length is catenarian.
Proposition 3.3. Let R ⊆ S be an FCP extension. Then, R ⊆ S is
catenarian if and only if so is each subextension T ⊆ U of R ⊆ S.
Proof. Obvious. 
Proposition 3.4. A ring extension R ⊂ S of length 2 is catenarian.
Proof. Clear, because any maximal chain of R ⊂ S cannot be minimal
and so is of length 2. 
We are going to look at the stability of catenarity under some usual
constructions of commutative algebra.
Proposition 3.5. Let R ⊆ S be an FCP extension, J an ideal of S
and I := J ∩ R. If R ⊆ S is catenarian, so is R/I ⊆ S/J .
Proof. Since catenarity still holds for any subextension, it holds for
R + J ⊆ S, and also for (R + J)/J ⊆ S/J , because of the lattice
isomorphism [R+ J, S]→ [(R+ J)/J, S/J ] defined by T 7→ T/J , since
J is a ideal shared by any element of [R+J, S]. Now, (R+J)/J ∼= R/I
gives the result. 
We remark that the converse may not hold. Let R ⊆ S be an FCP
extension, J an ideal of S and I := J ∩R. If R/I ⊆ S/J is catenarian,
so is R+J ⊆ S, (use the lattice isomorphism of the proof of Proposition
3.5.) But, if R ⊆ R + J is not catenarian, then R ⊆ S is not.
Corollary 3.6. Let R ⊆ S be a ring extension. The following state-
ments are equivalent:
(1) R ⊆ S is catenarian.
(2) R/I ⊆ S/I is catenarian for each ideal I shared by R and S.
(3) R/I ⊆ S/I is catenarian for some ideal I shared by R and S.
Proof. (1) ⇒ (2) by Proposition 3.5. Obviously (2) ⇒ (3) and (3) ⇒
(1) because of the bijection [R, S]→ [R/I, S/I]. 
Recall that the idealization R(+)M := {(r,m) | (r,m) ∈ R×M} is
a commutative ring whose operations are defined as follows:
(r,m) + (s, n) = (r + s,m+ n) and (r,m)(s, n) = (rs, rn+ sm)
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Then (1, 0) is the unit of R(+)M , and R ⊆ R(+)M is a ring mor-
phism defining R(+)M as an R-module; so that we can identify any
r ∈ R with (r, 0).
Proposition 3.7. Let M be an S-module. Then an FCP extension
R ⊆ S is catenarian if and only if so is R(+)M ⊆ S(+)M .
Proof. Since M is an S-module, it is also an R-module, and there is
a ring extension R(+)M ⊆ S(+)M . Set C := (R : S). Obviously,
we have C(+)M = (R(+)M : S(+)M). Since (R(+)M)/(C(+)M) ∼=
R/C and (S(+)M)/(C(+)M) ∼= S/C, the following holds: R(+)M ⊆
S(+)M is catenarian ⇔ (R(+)M)/(C(+)M) ⊆ (S(+)M)/(C(+)M)
is catenarian ⇔ R/C ⊆ S/C is catenarian ⇔ R ⊆ S is catenarian by
Corollary 3.6. 
The next Proposition is needed in the last example of this section.
Proposition 3.8. [4, Lemma III.3] and [5, Proposition 3.7(d)] Let
R ⊆ S be a ring extension, where R = ∏ni=1Ri is a cartesian product
of rings. For each i ∈ Nn, there are ring extensions Ri ⊆ Si such
that S =
∏n
i=1 Si. Each T ∈ [R, S] is of the form T =
∏n
i=1 Ti, where
Ti ∈ [Ri, Si] for each i ∈ Nn. Moreover R ⊆ S has FCP if and only if
so has Ri ⊆ Si for each i ∈ Nn.
Proposition 3.9. Let R ⊆ S be an FCP extension, where R = ∏i∈Nn Ri
is a cartesian product of rings. For each i ∈ Nn, there exists FCP ring
extensions Ri ⊆ Si such that S =
∏
i∈Nn
Si. Moreover R ⊆ S is cate-
narian if and only if so is Ri ⊆ Si for each i ∈ Nn. If these conditions
hold, then ℓ[R, S] =
∑
i∈Nn
ℓ[Ri, Si].
Proof. The first part of the statement is Proposition 3.8. Set r :=
ℓ[R, S] and ri := ℓ[Ri, Si].
Assume that R ⊆ S is catenarian, and so is any subextension of
R ⊂ S. Let Ci := {Ti,j}j∈Ns be a maximal chain of [Ri, Si]. Using the
construction of Proposition 3.8 and setting Tj :=
∏
k∈Nn
Tk,j such that
Tk,j = Rk for k 6= i and j ∈ Ns, we get a maximal chain C := {Tj}j∈Ns
of [R, Ts]. Since R ⊂ Ts is catenarian (of length s), any maximal chain
of [Ri, Si] leads, by this construction, to a maximal chain of [R, Ts] of
length s, and so is of length s = ri. Then, Ri ⊆ Si is catenarian.
Conversely, assume that Ri ⊆ Si is catenarian for each i ∈ Nn. Let
C := {Tj}j∈Nr be a maximal chain of [R, S] with Tj−1 ⊂ Tj minimal for
each j ∈ Nr. For each j ∈ Nr, set Tj :=
∏
i∈Nn
Ti,j. For a given j ∈ Nr,
since Tj−1 ⊂ Tj is minimal, there exists a unique ij ∈ Nn such that
Tij ,j−1 ⊂ Tij ,j is minimal and Tk,j−1 = Tk,j for any k ∈ Nn \ {ij}. Then,
Cij := {Tij ,j}j∈Nr is a maximal chain of [Rij , Sij ] with Tij ,j−1 ⊂ Tij ,j
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minimal and either Tij ,l−1 = Tij ,l, or Tij ,l−1 ⊂ Tij ,l minimal for l 6= j.
Now, looking at the elements of C and of the Ci’s, we get that each
minimal extension in C comes from only one minimal extension in some
Cij such that the corresponding jth extensions in the Ck’s for k 6= ij
are trivial. Conversely, fix some i ∈ Nn and let Ti,j ⊂ Ti,k be a minimal
extension in Ci with j < k. If k = j + 1, then Ti,j ⊂ Ti,j+1 comes from
Tj ⊂ Tj+1 which is minimal. If k > j+1, then Tj ⊂ Tk is not minimal.
But there exists j′ ∈ {j, . . . , k−1} such that Ti,j = Ti,j′ ⊂ Ti,j′+1 = Ti,k,
so that Ti,j′ ⊂ Ti,j′+1 comes from Tj′ ⊂ Tj′+1 which is still minimal. Any
Tj ∈ [R, S] can be uniquely expressed as a product T1,j×· · ·×Tn,j where
Ti,j ∈ [Ri, Si] for each i ∈ Nn. Since any minimal extension Tj ⊂ Tj+1
comes from a unique minimal extension Tij ,j ⊂ Tij ,j+1 corresponding
to a unique ij , we get that ℓ(C) =
∑
i∈Nn
ℓ(Ci) =
∑
i∈Nn
ri is a constant
and R ⊆ S is catenarian.
If these conditions hold, then ℓ[R, S] =
∑
i∈Nn
ℓ[Ri, Si] (see [5, Propo-
sition 3.7 (d)]). In fact, there was a misprint in the quoted reference,
where one should replace Π with
∑
in the length formula. 
4. Characterization of catenarian ring extensions
The aim of this section is to characterize catenarian ring extensions.
Some special extensions are catenarian.
Proposition 4.1. A Pru¨fer FCP extension is catenarian.
Proof. Use [5, Theorem 6.3 and Proposition 6.12]. 
The following Theorem reduces the study to the charcterization of
integral catenarian extensions.
Theorem 4.2. An FCP extension R ⊆ S is catenarian if and only if
R ⊆ R is catenarian.
Proof. One implication comes from Proposition 3.3.
Conversely, assume that R ⊆ R is catenarian. Set ℓ[R,R] = m,
which is the length of any maximal chain from R to R and ℓ[R, S] = r,
which is the length of any maximal chain from R to S by Proposition
4.1. Let C be a maximal chain from R to S. Using the proof of [6,
Theorem 4.11], there exists a maximal chain C′ from R to S containing
R with ℓ(C′) = ℓ(C). Since ℓ(C′) = ℓ[R,R] + ℓ[R, S] = m + r, we get
that all maximal chains from R to S have the same length, and R ⊆ S
is catenarian. 
The previous Proposition shows that we can limit to characterize
integral extensions. Before, we show it is enough to deal with ring
extensions R ⊂ S, where R is a local ring.
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Proposition 4.3. Let R ⊆ S be an FCP ring extension.
(1) If R ⊆ S is integral, then R ⊆ S is catenarian if and only if
RM ⊆ SM is catenarian for each M ∈ MSupp(S/R).
(2) If R ⊆ S is an arbitrary FCP ring extension, the following
statements are equivalent:
(a) R ⊆ S is catenarian;
(b) RM ⊆ SM is catenarian for each M ∈ MSupp(S/R);
(c) RP ⊆ SP is catenarian for each P ∈ Supp(S/R).
(3) In particular, if R ⊆ S is integral, then
ℓ[R, S] =
∑
M∈MSupp(S/R) ℓ[RM , SM ].
Proof. We begin to prove the result for an integral extension, since the
integral case is involved in the proof of the general case.
(1) Assume that R ⊆ S is catenarian. For some M ∈ MSupp(S/R),
let C := {Ti}ni=0 and C′ := {T ′j}mj=0 be two maximal chains of [RM , SM ],
so that Ti−1 ⊂ Ti is minimal for each i ∈ Nn, T ′j−1 ⊂ T ′j is minimal
for each j ∈ Nm, with T0 = T ′0 = RM and Tn = T ′m = SM . Using
[5, Theorem 3.6], for each i ∈ Nn, there exists Ri ∈ [R, S] such that
(Ri)M = Ti and (Ri)M ′ = RM ′ for any M
′ ∈ MSupp(S/R) \ {M}.
In particular, Ri−1 ⊂ Ri is minimal for each i ∈ Nn by Theorem 2.1.
It follows that {Ri}ni=0 is a maximal chain of [R,Rn] of length n. In
the same way, we can build a maximal chain {R′j}j=0 of [R,R′m] of
length m such that (R′j)M = T
′
j and (R
′
j)M ′ = RM ′ for any M
′ ∈
MSupp(S/R) \ {M}. But (Rn)M = Tn = SM = T ′m = (R′m)M and
(Rn)M ′ = RM ′ = (R
′
m)M ′ for any M
′ ∈ MSupp(S/R) \ {M}. It follows
that Rn = R
′
m. Since R ⊂ Rn is catenarian by Proposition 3.3, we get
that m = n, so that ℓ(C) = ℓ(C′), and RM ⊆ SM is catenarian.
Conversely, assume that RM ⊆ SM is catenarian for each M ∈
MSupp(S/R). Let C and C′ be two maximal chains of [R, S]. We
denote by CM (resp. C
′
M) the chain deduced from C (resp. C
′) by lo-
calization at M ∈ Spec(R) and deletion of redundant elements, so that
CM and C
′
M are maximal chains of [RM , SM ], and then ℓ(CM) = ℓ(C
′
M).
From [6, Lemma 4.5], we deduce that ℓ(C) =
∑
M∈MSupp(S/R) ℓ(CM) =∑
M∈MSupp(S/R) ℓ(C
′
M) = ℓ(C
′) and R ⊆ S is catenarian.
(2) According to Theorem 4.2 and (1), we have (a) ⇔ R ⊆ R is
catenarian ⇔ RM ⊆ RM is catenarian for each M ∈ MSupp(S/R) ⇔
RP ⊆ RP is catenarian for each P ∈ Supp(S/R) ⇔ RP ⊆ SP is
catenarian for each P ∈ Supp(S/R) ⇔ RM ⊆ SM is catenarian for
each M ∈ MSupp(S/R).
(3) The equality comes from [6, Proposition 4.6]. 
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Proposition 4.4. Let R ⊂ S be a catenarian extension, f : R→ R′ a
flat ring epimorphism and S ′ := R′⊗R S. Then R′ ⊂ S ′ is catenarian.
Proof. The proof is a consequence of the following facts. Let f : R→ R′
be a flat epimorphism and Q ∈ Spec(R′), lying over P in R, then RP →
R′Q is an isomorphism. Moreover, we have (R
′ ⊗R S)Q ∼= R′Q ⊗RP SP ,
so that RP → SP identifies to R′Q → (R′ ⊗R S)Q = S ′Q.
Assume that R ⊂ S is catenarian. Then, so is RP → SP for each
P ∈ Spec(R) by Proposition 4.3. Let Q ∈ Spec(R′) and P := f−1(Q) ∈
Spec(R). Since RP → SP identifies to R′Q → S ′Q, we get that R′Q ⊂
S ′Q is catenarian for each Q ∈ Spec(R′). It follows that R′ ⊂ S ′ is
catenarian by the same references. 
Given a ring R, recall that its Nagata ring R(X) is the localization
R(X) = T−1R[X ] of the ring of polynomials R[X ] with respect to the
multiplicatively closed subset T of all polynomials with content R. In
[7, Theorem 32], Dobbs and the authors proved that when R ⊂ S
is an extension, whose Nagata extension R(X) ⊂ S(X) has FIP, the
map ϕ : [R, S] → [R(X), S(X)] defined by ϕ(T ) = T (X) is an order-
isomorphism. In this case, we have the following result.
Proposition 4.5. Let R ⊂ S be an FCP extension whose Nagata
extension R(X) ⊂ S(X) has FIP. Then, R ⊂ S has FIP and R ⊂ S is
catenarian if and only if R(X) ⊂ S(X) is catenarian.
Proof. Since R(X) ⊂ S(X) has FIP, R ⊂ S has FIP and the map
ϕ : [R, S] → [R(X), S(X)] defined by ϕ(T ) = T (X) is an order-
isomorphism by [7, Theorem 32]. In particular, any maximal chain
C := {Ri}ni=0 of [R, S] of length n is such that ϕ(C) := {ϕ(Ri)}ni=0 is a
maximal chain of [R(X), S(X)] of length n. Conversely, any maximal
chain of [R(X), S(X)] of length n comes through ϕ from a maximal
chain of [R, S] of length n. Then, the catenarity of R ⊂ S is equivalent
to the catenarity of R(X) ⊂ S(X). By the way, we recover the equality
ℓ[R, S] = ℓ[R(X), S(X)] of [7, Theorem 32] which always holds when
R(X) ⊂ S(X) has FIP. 
When looking at the previous Proposition, where R ⊂ R(X) is a
faithfully flat ring morphism, we may ask if the statement of the above
Proposition is still satisfied when taking R→ R′ an arbitrary faithfully
flat ring morphism instead of R→ R(X) (which is faithfully flat). The
answer is no, as shown at the end of the next section (Example 4.27).
In [21], we studied the Loewy series {Si}ni=0 associated to an FCP
ring extension R ⊆ S defined as follows in [21, Definition 3.1]: the
socle of the extension R ⊂ S is S[R, S] := ∏A∈AA and the Loewy
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series of the extension R ⊂ S is the chain {Si}ni=0 defined by induction:
S0 := R, S1 := S[R, S] and for each i ≥ 0 such that Si 6= S, we set
Si+1 := S[Si, S]. Of course, since R ⊂ S has FCP, there is some integer
n such that Sn = Sn+1 = S. We introduced a property often involved
in [21]: An FCP extension R ⊂ S with Loewy series {Si}ni=0 is said to
satisfy the property (P) (or is a P-extension) if [R, S] = ∪n−1i=0 [Si, Si+1].
For such extensions, the Loewy series gives a catenarity criterion. For
instance, we have a catenarian P-extension which is not distributive in
[21, Example 3.20]:
Set k := Q, L := k[x], where x :=
√
3 +
√
2 and ki := k[
√
i], i =
2, 3, 6. Then, [k, L] = {k, k1, k2, k3, L} and the following diagram holds:
L
ր ↑ տ
k1 k2 k3
տ ↑ ր
k
k ⊂ L is a non-distributive extension of length 2, but is catenarian.
Moreover, S[k, L] = L = S1, [k, L] = [k, S1] and k ⊂ L is a P-extension.
Proposition 4.6. Let R ⊆ S be an FCP P-extension with Loewy series
{Si}ni=0. Then R ⊆ S is catenarian if and only if Si ⊂ Si+1 is catenar-
ian for each i ∈ {0, . . . , n− 1}. Moreover, ℓ[R, S] = ∑n−1i=0 ℓ[Si, Si+1].
Proof. One implication is obvious because of Proposition 3.3. Con-
versely, assume that each Si ⊂ Si+1 is catenarian and set ni := ℓ[Si, Si+1].
Let C := {Rj}mj=0 be a maximal chain of [R, S] so that R0 = R, Rm = S
and Rj ⊂ Rj+1 is minimal for each j ∈ {0, . . . , m − 1}. Since R ⊆ S
is a P-extension, for each j ∈ {0, . . . , m − 1}, there is a unique ij ∈
{0, . . . , n− 1} such that Rj ∈ [Sij , Sij+1[, so that any Rj is comparable
to any Si. We claim that for each i ∈ {0, . . . , n− 1}, there is a unique
ji ∈ {0, . . . , m − 1} such that Si = Rji. For i ∈ {1, . . . , n − 1}, set
ji := inf{j ∈ {1, . . . , m − 1} | Si ⊆ Rj}, so that Si ⊆ Rji. If Si = Rji,
we are done. Assume that Si ⊂ Rji. By definition of ji, we get that
Rji−1 6∈ [Si, S], so that Rji−1 ⊂ Si ⊂ Rji, a contradiction since Rji−1 ⊂
Rji is minimal. In particular, ℓ[Rji−1 , Rji] = ℓ[Si−1, Si] = ni−1, which
leads to ℓ(C) = m =
∑n
i=1 ℓ[Rji−1 , Rji] =
∑n
i=1 ℓ[Si−1, Si] =
∑n
i=1 ni−1,
which is independent of C. Then, any maximal chain of [R, S] has the
same length and R ⊂ S is catenarian. 
Before characterizing catenarian integral FCP extensions, we begin
to look at special simpler cases.
Proposition 4.7. An infra-integral FCP extension is catenarian.
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Proof. [5, Lemma 5.4]. 
Corollary 4.8. Let R be a commutative ring and n ≥ 2 a positive
integer. Then R ⊆ Rn is catenarian.
Proof. R ⊆ Rn is infra-integral [17, Proposition 1.4]. 
Proposition 4.9. Let R ⊆ S be an integral FCP extension such that
t
SR ⊆ S is catenarian. Let m := ℓ[R, tSR] and r := ℓ[tSR, S]. The
following statements hold:
(1) Any maximal chain containing tSR has length m+ r.
(2) If [R, S] = [R, tSR] ∪ [tSR, S], then R ⊆ S is catenarian.
Proof. Proposition 4.7 ensures us that R ⊆ tSR is catenarian. If tSR ∈
{R, S}, then R ⊆ S is catenarian. Assume that tSR 6∈ {R, S}.
(1) Let C be a maximal chain of [R, S] containing tSR. Set C1 :=
C ∩ [R, tSR] and C2 := C ∩ [tSR, S]. Since tSR ∈ C, we get that C1 is a
maximal chain of [R, tSR] and C2 is a maximal chain of [
t
SR, S], so that
ℓ(C) = ℓ(C1) + ℓ(C2) = m+ r.
(2) Assume that [R, S] = [R, tSR] ∪ [tSR, S]. Let C := {Ri}ni=0 be a
maximal chain of [R, S] such that Ri−1 ⊂ Ri is minimal for each i ∈ Nn.
Let k := sup{i ∈ Nn | Ri ∈ [R, tSR]}. In fact, k 6= n because tSR 6= S.
Then Rk ⊆ tSR ⊂ Rk+1. Since Rk ⊂ Rk+1 is minimal, it follows that
t
SR = Rk ∈ C. Then (1) yields that ℓ(C) = m + r, which shows that
R ⊆ S is catenarian. 
Lemma 4.10. Let R ⊂ T and T ⊂ S be two minimal extensions such
that R ⊂ T is inert and T ⊂ S is either decomposed or ramified (i.e.
non-inert). Setting T ′ := tSR, the following statements hold:
(1) If (R : T ) 6= (T : S), then R ⊂ T ′ (resp. T ′ ⊂ S) is
minimal of the same type as T ⊂ S (resp. R ⊂ T ) and
[R, S] = {R, T, T ′, S}.
(2) If (R : T ) = (T : S), then ℓ[R, S] > 2.
Proof. Set M := (R : T ) and N := (T : S). Since R ⊂ T is inert, then
M ∈ Max(T ).
(1) If M 6= N , then R ⊂ T ′ is a minimal extension of the same type
as T ⊂ S and T ′ ⊂ S is a minimal inert extension by the Crosswise ex-
change (Lemma 2.4). Indeed, N∩R 6⊆ M sinceN∩R ∈ Max(R). More-
over, the Crosswise exchange lemma says that [R, S] = {R, T, T ′, S}.
(2) Assume that M = N , so that M = (R : S). Since R ⊂ S is
neither infra-integral, nor t-closed, we get that T ′ 6= R, S. Moreover,
R ⊂ S has FCP by [5, Theorem 4.2]. Then, there exists R1 ∈ [R, T ′]
such that R ⊂ R1 is minimal non-inert with M = (R : R1). Using [8,
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Proposition 7.1 or 7.4], we obtain two maximal chains of [R, TR1] of
different lengths, so that ℓ[R, S] > 2. 
Proposition 4.11. Let R ⊂ S be an integral FCP extension. For any
maximal chain C of [R, S], there exists a maximal chain C′ of [R, S]
containing tSR such that ℓ(C
′) ≥ ℓ(C). In particular, ℓ(C′) > ℓ(C) if
and only if there exist U, T, V ∈ C such that U ⊂ T is inert, T ⊂ V
is minimal non-inert, and (U : T ) = (T : V ). If these last conditions
hold, then (T : V ) ∩ R ∈ MSupp(tSR/R) and {P ∩ tSR | P ∈ VS((U :
T ))} ⊆ MSuppt
S
R(S/
t
SR).
Proof. Let C be the maximal chain R = R0 ⊂ . . . ⊂ Ri ⊂ . . . ⊂ Rn = S,
where Ri−1 ⊂ Ri is minimal for each i ∈ Nn.
If there exists some i such that Ri =
t
SR, take C
′ = C.
Assume that Ri 6= tSR for each i ∈ {0, . . . , n}. In particular, tSR 6=
R, S, so that R ⊂ S is neither t-closed, nor infra-integral. We claim
that there exists some i such that Ri−1 ⊂ Ri is inert and Ri ⊂ Ri+1
is minimal non-inert. Deny, so that no inert extension is followed by a
minimal non-inert extension. It follows that there exists k ∈ Nn−1 such
that Rj ⊂ Rj+1 is not inert for j < k and Rj ⊂ Rj+1 is inert for j ≥ k.
Then, R ⊂ Rk is infra-integral and Rk ⊂ S is t-closed according to
Proposition 2.6. It follows that Rk =
t
SR, a contradiction. An applica-
tion of Lemma 4.10 gives a maximal chain from Ri−1 to Ri+1 containing
at less two minimal extensions and with first, only minimal non-inert
extensions followed by only inert extensions. Repeating this construc-
tion until we have first only minimal non-inert extensions followed by
only inert extensions, we get a maximal chain C′ of R-subextensions of
S containing tSR such that ℓ(C
′) ≥ ℓ(C).
Still using Lemma 4.10, we get that ℓ(C′) > ℓ(C) if and only if there
exist U, T, V ∈ C such that U ⊂ T is inert, T ⊂ V is minimal non-
inert, and (U : T ) = (T : V ). Assume that these conditions hold, so
that there exist U ′, V ′ ∈ [U, V ] such that U ⊂ U ′ is minimal non-inert
and V ′ ⊂ V is inert. In particular, the conductors of these minimal
extensions lie above M := (U : T ) = (T : V ) = (U : V ) in U . Using
the previous construction to get a maximal chain C′ of R-subextensions
of S containing tSR, we get that N := M ∩ R ∈ MSupp(tSR/R). In-
deed, RN ⊂ VN is neither infra-integral, nor t-closed, so that (tSR)N 6=
RN , SN . Moreover, since U ⊂ T is inert, we get that U/M 6∼= T/M . For
the same reason, let P ∈ Max(S) be lying overM , so that R/(M∩R) 6∼=
S/P , giving P ∩ tSR ∈ MSupptSR(S/tSR), because UM ⊂ SM is not infra-
integral. Then, {P ∩ tSR | P ∈ VS(M)} ⊆ MSupptSR(S/tSR). 
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Let R ⊆ S be a ring extension. Then R is said unbranched in S if
R is local. We recall the following Lemma.
Lemma 4.12. [21, Lemma 3.29] Let R ⊂ S be an FCP ring extension
such that R is unbranched in S. Then, T is local for each T ∈ [R, S].
Theorem 4.13. An integral FCP unbranched extension R ⊆ S is cate-
narian if and only if [R, S] = [R, tSR]∪ [tSR, S] and tSR ⊆ S is catenar-
ian.
Proof. Since R is unbranched in S, any element of [R, S] is local by
Lemma 4.12.
One implication of the statement is Proposition 4.9. Conversely,
assume that R ⊆ S is catenarian. Then tSR ⊆ S is catenarian by
Proposition 3.3. We claim that [R, S] = [R, tSR]∪[tSR, S]. Deny, so that
there exists some T ∈ [R, S] \ [R, tSR]∪ [tSR, S]. In particular, R ⊂ T is
not infra-integral and T ⊂ S is not t-closed. Then T ′ := tTR 6= T and
T ′ ⊂ T is t-closed. Since R ⊆ S is FCP, there exist U ∈ [T ′, T ], V ∈
[T, S] such that U ⊂ T is minimal inert and T ⊂ V is minimal ramified
(it cannot be minimal decomposed, because V is local). Let M be the
maximal ideal of U , so that M = (U : T ) ∈ Max(T ′), because T ′ ⊆ U
is t-closed [6, Lemma 3.17], giving M = (T ′ : V ) because M ∈ Max(T )
and M = (T : V ). Then Lemma 4.10 shows that ℓ[U, V ] > 2 which
yields that U ⊂ V is not catenarian, a contradiction. To conclude,
[R, S] = [R, tSR] ∪ [tSR, S]. 
Proposition 4.14. Let R ⊆ S be an integral FCP extension such that
t
SR ⊆ S is catenarian. Setting M1 := {N ∈ Max(S) | N ∩ R ∈
MSupp(tSR/R)} and M2 := {N ∈ Max(S) | N ∩ R ∈ MSupp(S/tSR)},
the following statements hold:
(1) M1 ∪M2 = {N ∈ Max(S) | N ∩R ∈ MSupp(S/R)}.
(2) R ⊆ S is catenarian if and only if, for each U, T, V ∈ [R, S] such
that U ⊂ T is minimal inert and T ⊂ V is minimal non-inert,
and for each N ∈M1, N ′ ∈M2 such that (U : T ) = N ′ ∩T and
(T : V ) = N ∩ T , we have N 6= N ′.
(3) If M1 ∩M2 = ∅, then R ⊆ S is catenarian.
Proof. (1) Obvious since N ∩R ∈ MSupp(S/tSR) for any N ∈M2 and
MSupp(S/R) = MSupp(tSR/R) ∪MSupp(S/tSR).
(2) Set n := ℓ[R, S]. By Propositions 4.9 and 4.11, any chain con-
taining tSR has length n and R ⊆ S is not catenarian if and only if
there exist U, T, V ∈ [R, S] such that U ⊂ T is inert and T ⊂ V is
minimal non-inert, with (U : T ) = (T : V ). Assume that R ⊆ S is not
catenarian. Then, (T : V ) ∩ R ∈ MSupp(tSR/R) and {N ∩ tSR | N ∈
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VS((U : T ))} ⊆ MSuppt
S
R(S/
t
SR). Let N ∈ VS((U : T )). It follows
thatN∩R = (T : V )∩R ∈ MSupp(tSR/R), so that N ∈M1. Moreover,
N ∩ tSR ∈ MSupptSR(S/tSR) implies that N ∩ R ∈ MSuppR(S/tSR), so
that N ∈ M2. Then, N ∈ M1 ∩M2. Conversely, if there exists some
N ∈ M1 ∩M2, such that (U : T ) = N ∩ T and (T : V ) = N ∩ T for
some U, T, V ∈ [R, S] such that U ⊂ T is minimal inert and T ⊂ V
is minimal non-inert, then (U : T ) = (T : V ) so that R ⊆ S is not
catenarian.
To conclude, R ⊆ S is catenarian if and only if, for each U, T, V ∈
[R, S] such that U ⊂ T is minimal inert and T ⊂ V is minimal non-
inert, and for each N ∈ M1, N ′ ∈M2 such that (U : T ) = N ′ ∩ T and
(T : V ) = N ∩ T , we have N 6= N ′.
(3) If M1 ∩M2 = ∅, then (2) shows that R ⊆ S is catenarian. 
If R ⊂ S is a ring extension and n a positive integer, an n-minimal
subextension is an extension U ⊆ V where U, V ∈ [R, S], which is a
tower of n minimal extensions. We say that R ⊂ S is 2-catenarian if
each of its 2-minimal subextension has length 2.
This definition will allow us to give a simpler characterization of cate-
narity than in Proposition 4.14. Moreover, we gave in [19] a complete
characterization of extensions of length 2, which play a fundamental
role in the lattice properties of extensions.
Theorem 4.15. An integral FCP extension R ⊆ S is catenarian if
and only if tSR ⊆ S is catenarian and R ⊆ S is 2-catenarian.
Proof. One implication is obvious. Conversely, assume that tSR ⊆ S is
catenarian, R ⊆ S is 2-catenarian but not catenarian. The assumption
of the Theorem is the same as in the proof of Proposition 4.14. Using
this proof and Proposition 4.11, R ⊆ S is not catenarian if and only
if there exist U, T, V ∈ [R, S] such that U ⊂ T is inert and T ⊂ V
is minimal non-inert, with (U : T ) = (T : V ). For such U, T, V , set
M := (U : T ) = (T : V ), so that M = (U : V ) ∈ Max(U). Because
R ⊆ S is 2-catenarian, we get that ℓ[U, V ] = 2. Since U ⊂ V is neither
t-closed, nor infra-integral, T ′ := tV U 6= U, V . Let U1 ∈ [U, T ′] be such
that U ⊂ U1 is minimal either ramified or decomposed since U ⊂ T ′ is
infra-integral. Then, (U : U1) = M and TU1 ⊆ V , which implies that
ℓ[U, V ] = 2 ≥ ℓ[U, TU1] > 2 according to [8, Propositions 7.1 and 7.4],
a contradiction. It follows that R ⊆ S is catenarian. 
Corollary 4.16. An integral FCP extension R ⊆ S such that tSR ⊆ S
is catenarian and [R, S] = [R, tSR] ∪ [tSR, S] is catenarian.
Proof. According to Theorem 4.15, it is enough to show that R ⊆ S
is 2-catenarian to get that R ⊆ S is catenarian. So, let T, U, V ∈
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[R, S] such that T ⊂ U and U ⊂ V are minimal. Then, either U ∈
[R, tSR[ (∗) or U = tSR (∗∗) or U ∈]tSR, S] (∗ ∗ ∗). In case (∗), we
have T, U, V ∈ [R, tSR], because U ⊂ V is minimal, so that V 6∈]tSR, S]
since U ⊂ tSR. Then, ℓ[T, V ] = 2 by Proposition 4.7. In case (∗∗),
we have U = tSR. It follows that T ∈ [R, tSR[ and V ∈]tSR, S]. We
claim that [T, V ] = {T, U, V }. Deny, and let U ′ ∈ [T, V ] \ {T, U, V }.
Then, U ′ 6= tSR, which implies U ′ ∈ [R,U [∪]U, S]. If U ′ ∈ [R,U [,
we have T ⊂ U ′ ⊂ U , a contradiction since T ⊂ U is minimal. If
U ′ ∈]U, S], we have U ⊂ U ′ ⊂ V , a contradiction since U ⊂ V is
minimal. Then, [T, V ] = {T, U, V } and ℓ[T, V ] = 2. In case (∗ ∗ ∗), we
have T, U, V ∈ [tSR, S], because T ⊂ U is minimal, so that T 6∈ [R, tSR[
since tSR ⊂ U . Then, ℓ[T, V ] = 2 because tSR ⊆ S is catenarian.
Gathering all the situations, we get that R ⊆ S is 2-catenarian, and
then catenarian. 
Remark 4.17. We can easily find examples of catenarian FCP integral
extensions R ⊂ S such that tSR 6= R, S with tSR ⊂ S catenarian and
M1 ∩M2 6= ∅ in Proposition 4.14. It is enough to take (R,M) a local
ring, so that M1 = Max(S) = M2 since any N ∈ Max(S) satisfies
N ∩ R = M ∈ MSupp(tSR/R) ∩MSupp(S/tSR). See [19, Proposition
4.7] and, for the example [19, Example 4.10(2)]: K ⊂ L is a minimal
field extension. Set R := K and S := K × L. Then tSR = K2 and
[R, S] = {R, tSR, S} which is obviously catenarian.
The remaining case to study is the characterization of t-closed FCP
catenarian extensions. For an FCP t-closed integral extension, the
catenarian property is a convenient property according to Proposition
4.3 and Corollary 3.6. Then, using Proposition 2.7, we get that an
FCP integral t-closed extension R ⊂ S with I := (R : S) is catenarian
if and only if the residual extensions R/P = κR(P ) → κS(Q) = S/Q
is catenarian for any Q ∈ VS(I) and P := Q ∩ R. It follows that the
catenarian property relies heavily on the characterization of catenarian
field extensions. This last characterization is an open problem.
In this paper, a purely inseparable field extension is called radicial.
Note that if k ⊂ L is a radicial FIP field extension, then [k, L] is a
chain, whence K ⊆ L is catenarian.
The following result by Dobbs-Shapiro gives a new reduction of the
study.
Proposition 4.18. [9, Theorem 2.9]. A finite-dimensional field ex-
tension k ⊂ L, with separable closure T is catenarian if and only if
k ⊆ T is catenarian. In particular, a finite-dimensional radicial field
extension is catenarian.
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In the introduction of their paper [9, page 2604], Dobbs and Shapiro
noted that a finite-dimensional Galois field extension is catenarian if
and only if its Galois group is supersolvable.
Recall that a finite group G is called supersolvable if there exists a
finite chain {1} = Gr ⊂ . . . ⊂ G1 ⊂ G0 = G of normal subgroups
of G such that each factor group Gi/Gi+1 is cyclic. A finite lattice L
is called supersolvable [24, Example 3.14.4] if it possesses a maximal
chain C such that the sublattice generated by C and any other chain of
L is distributive. For a finite Galois extension, we are going to show
that being catenarian is equivalent to being supersolvable as a lattice.
To this aim, we introduce a new material: An element x of a lattice
(L,∨,∧) is left modular if it satisfies : (y ∨ x) ∧ z = y ∨ (x ∧ z) for all
y ≤ z, and L is called left modular if it has a maximal chain of left
modular elements [26, page 481]. The reader is warned that this notion
should not be confused with the classical definition of modular.
Proposition 4.19. [9, page 2604] Let k ⊂ L be a finite Galois exten-
sion with Galois group G. The following conditions are equivalent:
(1) k ⊂ L is catenarian.
(2) G is supersolvable.
(3) G is catenarian.
Proposition 4.20. Let k ⊂ L be a finite Galois extension. Then,
k ⊂ L is catenarian if and only if [k, L] is a supersolvable lattice.
Proof. By [23, page 197], a supersolvable lattice is catenarian.
Conversely, assume that k ⊂ L is catenarian and let G be the Galois
group of the extension. In [23, Example 2.5], it was proved that for a
supersolvable group G, the lattice of its subgroups is a supersolvable
lattice. Then Proposition 4.19 asserts that the lattice G of subgroups
of G is supersolvable. Let ϕ : [k, L]→ G defined by ϕ(K) :=AutK(L),
the group of K-automorphisms of L, for each K ∈ [k, L]. Then, ϕ
is a reversing order isomorphism of lattices. Let C1 be a maximal
chain of [k, L], C2 be an other chain of [k, L] and H the sublattice
of [k, L] generated by C1 and C2, that is the least sublattice of [k, L]
containing C1 and C2, and closed for ∩ and
∏
. Set C′1 := ϕ(C1) and
C′2 := ϕ(C2). Then, C
′
1 is a maximal chain of G and C
′
2 is a chain of G.
Since G is supersolvable, the lattice H′ of G generated by C′1 and C
′
2 is
distributive, and so is any sublattice of H′. Because of the reversing
order isomorphism ϕ, it follows that ϕ(H) is the greatest sublattice of
G contained in ϕ(C1) = C
′
1 and ϕ(C2) = C
′
2, and closed for ∩ and
∏
.
In particular, ϕ(H) ⊆ H′. Then, ϕ(H) is distributive, and so is H. To
conclude, [k, L] is supersolvable. 
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Proposition 4.21. Let k ⊂ L be a finite separable extension with
normal closure N . Then, k ⊂ N is catenarian if and only if the Galois
group G of k ⊂ N is supersolvable. If this condition holds, k ⊂ L is
catenarian.
Proof. Proposition 4.19 entails the first part of the Proposition. If this
condition holds, k ⊂ L is catenarian, since so is k ⊂ N . 
Proposition 4.20 cannot be generalized to any catenarian extension.
Nevertheless, we have the following result.
Proposition 4.22. Let R ⊂ S be an FIP extension. Then, R ⊂ S is
catenarian and left modular if and only if R ⊂ S is supersolvable.
Proof. One implication is Thomas paper [26, Theorem 1.1]. Conversely,
a supersolvable lattice is catenarian [23, page 197]. Moreover, [23,
Proposition 2.2] shows that a supersolvable lattice is left modular. 
We next give another characterization of catenarian finite separable
field extensions.
For a field k, we denote by ku[X ] the set of all monic polynomials
of k[X ]. Our riding hypotheses are: L := k[x] is a finite separable
(whence FIP) field extension of k with degree n and f(X) ∈ ku[X ] is
the minimal polynomial of x over k. For any K ∈ [k, L], we denote
by fK(X) ∈ Ku[X ] the minimal polynomial of x over K and set D :=
{fK | K ∈ [k, L]}. The elements of D have been characterized in [20,
Proposition 4.13]. According to [20, Corollary 4.9], there is a reversing
order bijection [k, L] → D defined by K 7→ fK , which gives that D is
an ordered set for the divisibility and a lattice.
We begin with a characterization of minimal subextensions of [k, L].
Proposition 4.23. [21, Proposition 4.8] Let L := k[x] be a finite sep-
arable field extension of k and K ⊂ K ′ a subextension. Then, K ⊂ K ′
is minimal if and only if fK ′ is a maximal proper divisor of fK in D.
Proposition 4.24. A finite separable field extension k ⊂ L = k[x] is
catenarian if and only if all maximal chains of D have the same length.
Proof. Use the bijection [k, L]→ D defined by K 7→ fK . 
The following result due to Dobbs-Mullins gives an example of cate-
narian field extensions.
Proposition 4.25. [3, Proposition 2.2 (a)] Let k ⊂ L be a finite
Abelian field extension such that [L : k] =
∏s
i=1 p
ei
i is it prime-power
factorization. Then, k ⊂ L is catenarian with ℓ[k, L] = ∑si=1 ei.
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We can find other examples of catenarian or not catenarian field
extensions in Dobbs and Shapiro’s paper [9].
Example 4.26. Let k ⊂ L be a finite field extension and n := [L : k].
If n is a prime number or the product pq of any (possibly equal) prime
numbers p and q, then, k ⊂ L is catenarian (minimal in the first case,
and of length 2 in the second case)[9, Lemma 2.1(c)]. If n = 6m,
where m is an even positive integer, there exists a non-catenarian field
extension of degree n [9, Theorem 2.4].
Example 4.27. Let k ⊂ L be a finite separable field extension of
degree n which is not catenarian (see Example 4.26) and let Ω be an
algebraic closure of k. Then, k ⊂ L is e´tale and Ω diagonalizes L [1,
Proposition 2, A V.29]. More precisely, Ω ⊗k L ∼= Ωn. According to
Corollary 4.8, Ω ⊂ Ωn is catenarian, although k ⊂ L is not, while
k ⊂ Ω is faithfully flat (See our remark after Proposition 4.5).
We end this paper with an application of our results to pointwise
minimal extensions. We characterized these extensions in a joint paper
with Cahen [2]. A ring extension R ⊂ S is called pointwise minimal if
R ⊂ R[t] is minimal for each t ∈ S \R. A pointwise minimal extension
is either integral or Pru¨fer, and in this last case, is minimal, and then
catenarian. In the integral case, there is a maximal ideal M of R such
that M = (R : S). There are four types of integral pointwise minimal
extensions. Since we study the catenarian property, we consider only
FCP extensions. So, let R ⊂ S be an integral FCP pointwise minimal
extension. Set M := (R : S) and k := R/M . Then, R ⊂ S satisfies
one of the following conditions [2, Theorem 5.4] (where +SR denotes the
Swan seminormalization of R in S [25]):
(1) R = +SR and S =
t
SR with S/M
∼= k2 if k 6∼= Z/2Z, and S/M ∼=
kn if k ∼= Z/2Z, where n := |VS(M)|.
(2) S = +SR, with x
2 ∈ M for any x ∈ N , where N is the unique
maximal ideal of S lying above M .
(3) R = tSR, so that S/M is a field and either k ⊂ S/M is a
separable minimal extension or c(k) = p, a prime integer and
xp ∈ R for any x ∈ S.
(4) +SR =
t
SR, with x
2 ∈ M for any x ∈ N , where N is the unique
maximal ideal of S lying above M , c(k) = p is a prime integer
and xp ∈ R for any x ∈ S.
In all cases, except (4), R ⊂ S is catenarian [2, Proposition 5.8].
This is obvious for the two first cases since R ⊂ S is infra-integral
(Proposition 4.7). In the third case, if k ⊂ S/M is a separable minimal
extension, R ⊂ S is minimal and then obviously catenarian. In the
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second subcase, if U is the separable closure of k ⊂ S/M , we have
either k = U or k ⊂ U minimal, so in both subsubcases k ⊂ S/M
is catenarian according to Proposition 4.18. The last case leads to a
non-catenarian extension. Indeed, setting T := tSR = R + N, l1 :=
ℓ[T, S] and αpl1 := ℓ[R, T ], [2, Corollary 5.17] shows that for each
i ∈ {0, . . . , l1}, there exists a maximal chain from R to S of length
αpi + l1; so that, R ⊂ S is not catenarian.
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